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A given group G may or may not have the property that there exists a graph 
X such that the automorphism group of X is regular, as a permutation group, 
and isomorphic to G. Mark E. Watkins has shown that the direct product of two 
finite groups has this property if each factor has this property and both factors 
are different from the cyclic group of order 2. Later, Wilfried Imrich generalized 
this result to infinite groups. In this paper, a new proof of this result for finite 
groups is given. The proof rests heavily on the result which states that if X is a 
graphical regular representation of the group G, then Xis not self-complementary. 
A graph X is called a graphical regular representation of a group G if the 
automorphism group A(X) of X is regular, as a permutation group, and 
isomorphic to G. Watkins ES] has shown that the direct product G, x G, 
of two finite groups G, and 6, has a graphical regular representation if both 
G, and G, have graphical regular representations and are different from C, , 
the cyclic group of order 2. Later, Watkins and Nowitz [6] showed that the 
result still holds if one of the factors is isomorphic to CZ . (Certainly, the 
result is not true if both factors are isomorphic to C, .) In [I], among other 
things, Imrich generalized both results to infinite groups. The aim of this 
paper is to present a new proof of the first result. 
By a graph X we mean an undirected graph without loops or multiple 
edges; the graph may be finite or infinite. The vertex set and the edge set of X 
are denoted, respectively, by V(X) and E(X). The complement of a graph X is 
denoted by x. The graph X is called seljkomplementary if X E x. K, denotes 
the complete graph on n vertices. 
The Cartesian product XI x X, of two graphs X, and X, is defined to have 
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if and only if either 
Xl = Yl and (x2 2 Y2) E 4x2) 
and x2 = Y2. 
A nontrivial graph X is called a prime graph if X E XI x X. implies that 
XI or X, is a trivial graph. Two graphs X and Y are called relatively prime 
if X E X, x 2 and Y g Y, x 2 imply that Z is a trivial graph. 
The automorphism group A(X) of a graph X is said to be regular if given 
x, y E V(X), there exists a unique graph-automorphism + E A(X) with 
+> = Y- 
Let H be a subset of the group G such that 
(i) the identity e E H, and 
(ii) h E H implies h-l E H. 
The Cayley graph X,,, of G with respect to H is defined to have 
and 
JWG,H) = Ng, g4l g E G, h E HI. 
THEOREM 1. If X is a graphical regular representation of’ the group G 
(G may be finite or in$nite), then X is not self-complementary. 
Proof. Assume that X is a graphical regular representation Iof G. Suppose 
on the contrary that Xr X. 
Let T be an isomorphism from X onto x. Clearly T Z identity. Then there 
exists a pair of distinct vertices x and y in X with 
T(X) = y. 
Since X is a graphical regular representation of G, by definition there exists a 
unique 4 E A(X) such that 
The composition 46~ is then an isomorphism from X onto 8; moreover, 
(6~(x) = x. This gives rise to an automorphism (&-)” of X onto itself with 
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We claim that (4~)” f identity. For if (a~)~ = identity then from the fact 
that (+-) f identity, there exists a pair of distinct vertices u and v in X with 
This means that 47 permutes the vertices u and 2;. This would then imply that 
the edge (u, v) belongs to both X and its complement X, which is impossible. 
Hence, we have (#T)” f identity. We thus obtain a nontrival automorphism 
(47)” of Xfixing the vertex x. This contradicts the fact that, X being a graphical 
regular representation of G, no element of X is fixed under any nontrivial 
au#omorphism of X. This proves that XC& x. 
.’ Remark. In [4, p. 4681, Watkins makes a remark that he knows of no 
graph having the property that Xg x whose automorphism group is 
regular. Theorem 1 explains the reason. 
THEOREM 2. [5, Theorem 61. If thefinite groups G1 and G, have graphical 
regular representations, and both Gl , G, are not isomorphic to C, , then the 
direct product G1 x Gz has a graphical regular representation. 
THEOREM 3 [l]. Let G, and G, be finite or infinite groups with graphical 
regular representations. If both G, and G, are diferent from C, , then the 
direct product G1 x G, has a graphical regular representation. 
! By using Theorem 1, we present a new proof of Theorem 2. First of all, we 
list some results which will be used in the proof. 
LEMMA 4 [2]. If the connected graphs X and Y are relatively prime graphs, 
then /: 
A(X x Y) r A(x) x A(Y). 
LEMMA 5. Let X, and X2 be graphical regular representations of the groups 
G1 and Gz , respectively. If X, and X, are connected and relatively prime graphs, 
then Xl x X, is a graphical regular representation of the direct product G, x G, , 
Proof. This is an immediate consequence of Lemma 4 since the direct 
product of two regular groups is again regular. 
LEMMA 6. [3]. Let X be a graphical regular representation of a group G. 
Then X is isomorphic to R, , or else X is connected and isomorphic to the 
k&yIey graph X G,H of G with respect to some set H of generators of G. 
As a consequence of [I, Theorem 11, we have 
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LEMMA 7 [l]. If X is a graphical regular representation of a group G, 
then either X or its complement x is a prime graph. 
Proof of Theorem 2. Suppose G1 and G, have graphical regular re- 
presentations and G, z$ C, , G, $ C, . Then by Lemma 7, there exist prime 
graphs X1 and X, which are graphical regular representations of G, and G, , 
respectively. For i = 1,2, Gi $ C, and so Xi * K, . It then follows from 
Lemma 6 that both X1 and X, are connected graphs. 
Case 1. Suppose G1 * G2 . Then it follows that X1 g X, and hence 
X1 and X, are relatively prime graphs. Applying Lemma 5, we obtain the 
desired result. 
Case 2. Suppose G1 g G, . For the sake of convenience, we write 
X = X1 and G = G, . By Theorem 1, X g 1. Since X = X, is a. prime graph, 
it follows that X and W are relatively prime graphs. We know that if X is a 
graphical regular representation of G, then so is its complement X. Since 
G * C, , x g Ez, by Lemma 6 x is connected. By Lemma 5, X x x is a 
graphical regular representation of G x G. 
The proof of the theorem is now complete. 
Remark. In proving Theorems 2 and 3, Watkins [S] and Imrich [l] 
define a new kind of product of graphs, namely, if X1 and X, are graphs, the 
graph X = X, * X, is defined to have: 
if and only if either x1 = y, and (x, , yz) E E(X,) or (x1 , yl) E E(X,) and 
x2 # yz . Then they proceed to prove that 
which then implies that X, * X, is a graphical regular representation of 
G, x G2 . 
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